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NOTES ON TWO-PARAMETER QUANTUM GROUPS, (I)
NAIHONG HU⋆ AND YUFENG PEI
Abstract. A simpler definition for a class of two-parameter quantum groups
associated to semisimple Lie algebras is given in terms of Euler form. Their
positive parts turn out to be 2-cocycle deformations of each other under some
conditions. An operator realization of the positive part is given.
1. Introduction
The notion of quantum groups was introduced by V. Drinfel’d and M. Jimbo,
independently, around 1985 in their study of the quantum Yang-Baxter equations.
Quantum groups Uq(g), depending on a single parameter q, are certain families of
Hopf algebras that are deformations of universal enveloping algebras of symmetriz-
able Kac-Moody algebras. In the early 90s of the last century, much work had been
done on their multiparameter generalizations, which can be obtained by twisting
the algebra structure via a 2-cocycle on an indexed free abelian group (see [1]) or
by twisting the coalgebra structure in the spirit of Drinfeld (see [2], [3]). Note that
a 2-cocycle (or a Drinfeld twist) deformation is an important method to yield new
(twisted) bialgebras from old ones.
Motivated by the work on down-up algebras [4], Benkart and Witherspoon, et al
[5, 6, 7, 8] investigated the two-parameter quantum groups of the general linear Lie
algebra gln and the special linear Lie algebra sln. Later on, Bergeron, Gao and Hu
[9, 10] developed the corresponding theory for two-parameter quantum orthogonal
and symplectic groups. Recently, Hu et al continued this project (see [11, 12] for
exceptional types G,E, [13], [14], [15] for restricted types B, C, D, and [16], [17]
for untwisted affine types, etc.).
In this note, we give a simpler definition for a class of two-parameter quantum
groups Ur,s(g) associated to semisimple Lie algebras in terms of the Euler form (or
say, Ringel form). As in [5, 9, 11, 12, 16, 17], these quantum groups also possess the
Drinfel’d double structures and the triangular decompositions (see Section 2). As a
main point of this note, we show that the positive parts of quantum groups under
consideration are 2-cocycle deformations of each other as Q+-graded associative C-
algebras if the parameters satisfy certain conditions (see Section 3). This affords an
insight into the interrelation between the two-parameter quantum groups we defined
and the one-parameter Drinfeld-Jimbo ones. In Section 4, we get an operator
realization of the positive part of Ur,s(g) by assigning the canonical generators ei’s
with some skew differential operators in the sense of Kashiwara ([18]).
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2. Euler form and definition of two-parameter quantum groups
Let C = (aij)i,j∈I be a Cartan matrix of finite type and g the associated semisim-
ple Lie algebra over Q. Let { di | i ∈ I } be a set of relatively prime positive integers
such that diaij = djaji for i, j ∈ I. Let Q(r, s) be the function field in two variables
r, s over the field Q of rational numbers. Denote ri = r
di , si = s
di for i ∈ I.
Let 〈−,−〉 be the bilinear form, which is called the Euler form (or Ringel form),
on the root lattice Q defined by
〈i, j〉 := 〈αi, αj〉 =


diaij i < j,
di i = j,
0 i > j.
Definition 2.1. The two-parameter quantum group Ur,s(g) is a unital associative
algebra over Q(r, s) generated by ei, fi, ω
±1
i , ω
′±1
i , i ∈ I, subject to the following
relations :
(R1) ω±1i ω
±1
j = ω
±1
j ω
±1
i , ω
′±1
i ω
′±1
j = ω
′±1
j ω
′±1
i ,
ω±1i ω
′±1
j = ω
′±1
j ω
±1
i , ω
±1
i ω
∓1
i = ω
′±1
i ω
′∓1
i = 1.
(R2) ωi ej ω
−1
i = r
〈j,i〉s−〈i,j〉ej , ω
′
i ej ω
′−1
i = r
−〈i,j〉s〈j,i〉ej.
(R3) ωi fj ω
−1
i = r
−〈j,i〉s〈i,j〉fj , ω
′
i fj ω
′−1
i = r
〈i,j〉s−〈j,i〉fj.
(R4) eifj − fjei = δi,j
ωi − ω
′
i
ri − si
.
(R5)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij e
1−aij−k
i ej e
k
i = 0, (i 6= j),
(R6)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij f
k
i fj f
1−aij−k
i = 0, (i 6= j),
where c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉, for i 6= j, and for a symbol v, we set the
notations :
(n)v =
vn − 1
v − 1
, (n)v! = (1)v(2)v · · · (n)v,(
n
k
)
v
=
(n)v!
(k)v!(n− k)v!
, for n ≥ k ≥ 0,
and (0)v! = 1.
The algebra Ur,s(g) has a Hopf algebra structure with the comultiplication, the
counit and the antipode given by:
∆(ω±1i ) = ω
±1
i ⊗ ω
±1
i , ∆(ω
′
i
±1
) = ω′i
±1
⊗ ω′i
±1
,
∆(ei) = ei ⊗ 1 + ωi ⊗ ei, ∆(fi) = 1⊗ fi + fi ⊗ ω
′
i,
ε(ω±1i ) = ε(ω
′
i
±1
) = 1, ε(ei) = ε(fi) = 0,
S(ω±1i ) = ω
∓1
i , S(ω
′
i
±1
) = ω′i
∓1
,
S(ei) = −ω
−1
i ei, S(fi) = −fi ω
′
i
−1
.
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Remark 2.2. (i) Let r = q, s = q−1. Then Uq,q−1 modulo the Hopf ideal generated
by ω′i − ω
−1
i (i ∈ I) is isomorphic to the standard one-parameter quantum group
Uq(g) defined by Drinfel’d and Jimbo (see [19]).
(ii) Let r = q2, s = 1. Then U+
q2,1 is isomorphic to the (nontwisted) generic
Hall algebra introduced by Ringel ([20]).
(iii) For the type D case, the definition above is distinct from that given in [9].
(iv) Definition 2.1 might be adopted to define the affine cases, but the resulting
quantum groups in this fashion (because of no Drinfeld realization to be found in
these cases) are different from that given in [16].
Let U+r,s (resp., U
−
r,s) be the subalgebra of Ur,s := Ur,s(g) generated by the ele-
ments ei (resp., fi) for i ∈ I, and U
0 the subalgebra of Ur,s generated by ω
±1
i , ω
′±1
i
for i ∈ I. Moreover, let U≥0r,s (resp., U
≤0
r,s ) be the subalgebra of Ur,s generated by
the elements ei, ω
±1
i for i ∈ I (resp., fi, ω
′±1
i for i ∈ I). For each µ ∈ Q (the root
lattice of g), we define elements ωµ and ω
′
µ by
ωµ =
∏
i∈I
ω
µi
i , ω
′
µ =
∏
i∈I
ω′i
µi , for µ =
∑
i∈I
µiαi ∈ Q.
For β ∈ Q+ (a fixed positive root lattice), let
U±βr,s =
{
x ∈ U±r,s
∣∣∣ωµxω−µ = r〈β,µ〉s−〈µ,β〉x, ω′µxω′−µ = r−〈µ,β〉s〈β,µ〉x, ∀ µ ∈ Q
}
,
then U±r,s =
⊕
β∈Q+ U
±β
r,s are Q
+-graded.
Proposition 2.3. For any i ∈ I, we have the Q-algebra automorphism Φ and the
Q(r, s)-algebra anti-automorphism (or say, involution) Ψ of Ur,s(g) defined by
Φ(r) = s−1, Φ(s) = r−1, Φ(ei) = fi, Φ(fi) = risiei, Φ(ωi) = ω
′
i, Φ(ω
′
i) = ωi.
Ψ(ei) = fi, Ψ(fi) = ei, Ψ(ωi) = ωi, Ψ(ω
′
i) = ω
′
i.
Proof. It is straightforward to check the statements. 
Proposition 2.4. There exists a unique bilinear skew pairing
( , ) : U≤0r,s × U
≥0
r,s −→ Q(r, s)
such that for all x, x′ ∈ U≥0r,s , y, y
′ ∈ U≤0r,s , µ, ν ∈ Q, and i, j ∈ I,
(y, xx′) = (∆(y), x′ ⊗ x),
(yy′, x) = (y ⊗ y′, ∆(x)),
(fi, ej) = δi,j
1
si − ri
,
(ω′µ, ων) = r
〈µ,ν〉s−〈ν,µ〉,
(ω′µ, ei) = 0,
(fi, ωµ) = 0.
Proof. The coalgebra structure of Ur,s(g) defines an algebra structure on (U
≥0
r,s )
∗
by
(γ1γ2)(x) := (γ1 ⊗ γ2)(∆(x)), ∀ γ1, γ2 ∈ (U
≥0
r,s )
∗, x ∈ U≥0r,s .
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The identity element is given by ǫ. We define the linear functionals γµ, ξi ∈ (U
≥0
r,s )
∗
for any i ∈ I, µ ∈ Q by
γµ(xων) = r
〈µ,ν〉s−〈ν,µ〉ǫ(x), (∀ x ∈ U+r,s, ν ∈ Q),
ξi(xων) = 0, (∀ x ∈ U
+β
r,s , β ∈ Q
+ − {αi}, ν ∈ Q),
ξi(eiων) =
1
si − ri
, (∀ ν ∈ Q).
Define a linear map
φ : U≤0r,s −→ (U
≥0
r,s )
∗
by φ(ω′µ) = γµ, φ(fi) = ξi and extending it algebraically. It is straightforward to
check that φ is well-defined. Now we can define the pairing
( , ) : U≤0r,s × U
≥0
r,s −→ Q(r, s)
by (x, y) := φ(x)(y), for any x ∈ U≤0r,s , y ∈ U
≥0
r,s . The condition
(yy′, x) = (y ⊗ y′, ∆(x)), (y, xx′) = (∆(y), x′ ⊗ x),
for x ∈ U≥0r,s , y, y
′ ∈ U≤0r,s can be proved by induction. The remaining conditions are
obvious. Moreover, it is clear that the bilinear form ( , ) is uniquely determined. 
Based on Proposition 2.4, similarly to the proof of Theorem 2.5 in [9], we have
Corollary 2.5. Ur,s(g) can be realized as a Drinfel’d double of Hopf subalgebras
U≥0r,s and U
≥0
r,s with respect to the pairing ( , ), that is,
Ur,s(g) ∼= D(U
≥0
r,s , U
≤0
r,s ).
As a consequence of the Drinfel’d double structure, with the same argument of
Corollary 2.6 in [9], we have
Corollary 2.6. Ur,s(g) has the standard triangular decomposition
Ur,s(g) ∼= U
−
r,s ⊗ U
0
r,s ⊗ U
+
r,s,
where U0r,s =
⊕
µ,ν∈QQ(r, s)ω
′
νωµ and U
±
r,s =
⊕
β∈Q+ U
±β
r,s .
3. Cocycle deformations of U+r,s
Lemma 3.1 ([1]). Let A =
⊕
g∈GAg be a G-graded associative algebra over a
field k, where G is an abelian group. Let ψ : G×G→ k∗ be a 2-cocycle of the group
G. We introduce a new multiplication ∗ on A as follows: For any x ∈ Ag, y ∈ Ah,
where g, h ∈ G, we define
x ∗ y = ψ(g, h)x y.
Denote this new algebra by Aψ. Then Aψ is a G-graded associative algebra, owing
to ψ being a 2-cocycle. The algebra Aψ is called a cocycle deformation of the algebra
A by ψ.
In this section, let us take the parameters r, s, r′, s′ ∈ C∗ and consider both
algebras U+r,s and U
+
r′,s′ to be defined over the field C of complex numbers. Note
that both algebras are Q-graded. In view of Lemma 3.1, the argument of the
following main result is interesting.
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Theorem 3.2. U+r,s and U
+
r′,s′ are 2-cocycle deformations of each other if rs
−1 =
r′s′−1 or rs−1 = r′−1s′.
Proof. (I) Assume that rs−1 = r′s′−1. In this case, we define a new product ∗ on
U+r,s as follows
x ∗ y = ψ(µ, ν)x y = (r−1r′)〈µ,ν〉 x y,
for any x ∈ U+µr,s , y ∈ U
+ν
r,s , where ψ : Q×Q −→ C
∗ such that ψ(µ, ν) = (r−1r′)〈µ,ν〉.
Note that ψ is a bicharacter on Q × Q, which is obviously a 2-cocycle of the
abelian group Q. This fact ensures that the new ∗-product is associative.
In what follows, it suffices to prove the relations below:
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij e
∗(1−aij−k)
i ∗ ej ∗ e
∗k
i = 0, (i 6= j);
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij f
∗k
i ∗ fj ∗ f
∗(1−aij−k)
i = 0, (i 6= j),
where
c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉, (i 6= j).
By the definition of ∗-product, we have
e
∗(m−k)
i ∗ ej ∗ e
∗k
i = (s
−1s′)
m(m−1)
2 〈i,i〉+(m−k)〈i,j〉+k〈j,i〉em−ki eje
k
i .
Case (1): i < j, i.e., 〈j, i〉 = 0: when m = 1− aij , we have
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij e
∗(m−k)
i ∗ ej ∗ e
∗k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij (s
−1s′)
m(m−1)
2 〈i,i〉+(m−k)〈i,j〉+k〈j,i〉em−ki eje
k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 s−k〈i,j〉(s−1s′)
m(m−1)
2 di+(m−k)diaijem−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2 +maij
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 s
−kaij
i (sis
′−1
i )
kaij em−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2 +maij
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 (s′−1i )
kaij em−ki eje
k
i
= (sis
′−1
i )
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
(r′is
′−1
i )
k(k−1)
2 r′k〈j,i〉s′−k〈i,j〉em−ki eje
k
i
= (sis
′−1
i )
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′is
′−1
i
c
′(k)
ij e
m−k
i eje
k
i
︸ ︷︷ ︸
= 0. ((r′, s′)-Serre relations in U+r′,s′)
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Case (2): i > j, i.e., 〈i, j〉 = 0: when m = 1− aij , we have
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij e
∗(m−k)
i ∗ ej ∗ e
∗k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij (s
−1s′)
m(m−1)
2 〈i,i〉+(m−k)〈i,j〉+k〈j,i〉em−ki eje
k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 r
kaij
i (s
−1s′)
m(m−1)
2 di+kdiaij em−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 r
kaij
i (s
−1
i s
′
i)
kaij em−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 (r′i)
kaij em−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
(r′is
′−1
i )
k(k−1)
2 r′k〈j,i〉s′−k〈i,j〉em−ki eje
k
i
= (s−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
c
′(k)
ij e
m−k
i eje
k
i = 0.
Hence, U+r,s and U
+
r′,s′ are 2-cocycle deformations of each other.
(II) Assume that rs−1 = r′−1s′. In this case, we can define another new product
∗ on U+r,s by x∗y = ψ(µ, ν)x y = (r
′s−1)〈µ,ν〉 x y, for any x ∈ U+µr,s , y ∈ U
+ν
r,s , where
ψ : Q×Q −→ C∗ such that ψ(µ, ν) = (r′s−1)〈µ,ν〉. Thus we have the following
Case (1′): i < j, i.e., 〈j, i〉 = 0: when m = 1− aij , we have
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij e
∗(m−k)
i ∗ ej ∗ e
∗k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij (r
′s−1)
m(m−1)
2 〈i,i〉+(m−k)〈i,j〉+k〈j,i〉em−ki eje
k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 s−k〈i,j〉(r′s−1)
m(m−1)
2 di+(m−k)diaijem−ki eje
k
i
= (r′is
−1
i )
m(m−1)
2 +maij
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 s
−kaij
i (sir
′−1
i )
kaij em−ki eje
k
i
= (r′−1i si)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r
′−1
i
s′
i
(r′−1i s
′
i)
k(k−1)
2 (r′−1i )
kaij em−ki eje
k
i
= (r′−1i si)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
(r′is
′−1
i )
k2−km(r′−1i s
′
i)
k(k−1)
2 r
′−kaij
i e
m−k
i eje
k
i
= (r′−1i si)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
(r′is
′−1
i )
k(k−1)
2 r′k〈j,i〉s′−k〈i,j〉em−ki eje
k
i
= 0.
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Case (2′): i > j, i.e., 〈i, j〉 = 0: when m = 1− aij , we have
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij e
∗(m−k)
i ∗ ej ∗ e
∗k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij (r
′s−1)
m(m−1)
2 〈i,i〉+(m−k)〈i,j〉+k〈j,i〉em−ki eje
k
i
=
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 r
kaij
i (r
−1s′)
m(m−1)
2 di+kdiaijem−ki eje
k
i
= (r−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 r
kaij
i (r
−1
i s
′
i)
kaij em−ki eje
k
i
= (r−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r
′−1
i
s′
i
(r′−1i s
′
i)
k(k−1)
2 (s′i)
kaij em−ki eje
k
i
= (r−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′is
′−1
i
(r′is
′−1
i )
k2−km(r′−1i s
′
i)
k(k−1)
2 (s′i)
kaij em−ki eje
k
i
= (r−1i s
′
i)
m(m−1)
2
m∑
k=0
(−1)k
(
m
k
)
r′
i
s
′−1
i
(r′is
′−1
i )
k(k−1)
2 r′k〈j,i〉s′−k〈i,j〉em−ki eje
k
i
= 0.
Hence, U+r,s and U
+
r′,s′ are 2-cocycle deformations of each other. 
Corollary 3.3. (i) U+r,s and U
+
s−1,r−1
(the so-called associated object of the former
in [9]) are 2-cocycle deformations of each other. Moreover, U+r,s = U
+
s−1,r−1
if and
only if rs = 1.
(ii) In particular, if rs−1 = q2, U+r,s, U
+
q2,1 and U
+
q,q−1
are 2-cocycle deformations
of each other. 
4. Realization and Kashiwara’s skew differential operators
The following result arises from Kashiwara’s work [18] (in one-parameter case).
Proposition 4.1. For P ∈ U+r,s, there exist unique L, R ∈ U
+
r,s satisfying the
following equation
[P, fi ] =
ωiL− ω
′
iR
ri − si
,
where we define ∂i(P ) = L and ∂
′
i(P ) = R.
Proof. Assume that
ωiL1 − ω
′
iR1
ri − si
=
ωiL2 − ω
′
iR2
ri − si
,
then we have
ωi(L1 − L2)− ω
′
i(R1 −R2) = 0.
Using the triangular decomposition of Ur,s(g) in Corollary 2.6, we get L1 = L2, R1 =
R2. This means that the uniqueness of L and R is clear.
To show the existence of L and R, we consider its graded decomposition U+r,s =⊕
ν∈Q+ U
+ν
r,s . We proceed to prove this by induction on the height of weights,
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namely, ht(ν) =
∑
mi, for ν =
∑
miαi (mi ∈ Z≥0). If ht(ν) = 1 and P = ej, then
we choose L = R = δi,j . Suppose that for P ∈ U
+ν
r,s , there exist L, R satisfying
[P, fi ] =
ωiL− ω
′
iR
ri − si
.
Then for ej P ∈ U
+(ν+1)
r,s with ht(ej P ) = ν + 1, we have
[ ej P, fi ] = ej [P, fi ] + [ ej, fi ]P
=
1
ri − si
{
ωi
(
r−〈j,i〉s〈i,j〉ejL+ δi,jP
)
− ω′i
(
r〈i,j〉s−〈j,i〉ejR+ δi,jP
)}
=
1
ri − si
{
ωi
(
r−〈j,i〉s〈i,j〉ej∂i(P ) + δi,jP
)
− ω′i
(
r〈i,j〉s−〈j,i〉ej∂
′
i(P ) + δi,jP
)}
,
by the induction hypothesis. In particular, we get
∂i(ejP ) = r
−〈j,i〉s〈i,j〉ej∂i(P ) + δi,jP,
∂′i(ejP ) = r
〈i,j〉s−〈j,i〉ej∂
′
i(P ) + δi,jP.
(*)
This completes the proof. 
From (*), we easily get
∂i(e
m
i ) = (m)r−1i si
em−1i , ∂
′
i(e
m
i ) = (m)ris−1i
em−1i .
For i ∈ I, we introduce the operator Ei : U
+
r,s −→ U
+
r,s defined by
Ei x = ei x, for any x ∈ U
+
r,s.
Then the following lemma can be proved inductively by using Proposition 4.1.
Lemma 4.2. For m ∈ Z+, i, j ∈ I, the following commutation relations hold
∂i ∂
′
j = r
〈j,i〉s−〈i,j〉∂′j ∂i,
∂mi Ej = r
−m〈j,i〉sm〈i,j〉 Ej ∂
m
i + δi,j(m)r−1
i
si
∂m−1i ,
∂′mi Ej = r
m〈i,j〉s−m〈j,i〉Ej ∂
′m
i + δi,j(m)ris−1i
∂′m−1i .
Theorem 4.3. For any i 6= j ∈ I, we have
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij ∂
k
i ∂j ∂
1−aij−k
i = 0,(i)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij ∂
′k
i ∂
′
j ∂
′1−aij−k
i = 0,(ii)
which give rise to two (operators ) realizations of U+r,s via assigning the generators
ei’s of U
+
r,s to the Kashiwara’s skew differential operators ∂i’s or ∂
′
i’s respectively.
Proof. (i) For any u ∈ U+µr,s , we will prove the formula
(∗∗)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij ∂
1−aij−k
i ∂j ∂
k
i u = 0,
by induction on ht(u) = µ. For any v ∈ U+νr,s with ht(v) = ν < ht(u) = µ, we
assume that (∗∗) holds. Write u as u = eℓ v = Eℓ v, for some ℓ ∈ I and some
v ∈ U+νr,s . Now put m = 1− aij .
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First, we note that
∂m−ki ∂j ∂
k
i Eℓ
= ∂m−ki ∂j
{
r−k〈ℓ,i〉sk〈i,ℓ〉 Eℓ ∂
k
i + δi,ℓ (k)r−1
i
si
∂k−1i
}
= ∂m−ki
{
r−k〈ℓ,i〉sk〈i,ℓ〉
(
r−〈ℓ,j〉s〈j,ℓ〉Eℓ ∂j + δℓ,j
)
∂ki + δi,ℓ (k)r−1
i
si
∂j ∂
k−1
i
}
= r−k〈ℓ,i〉sk〈i,ℓ〉r−〈ℓ,j〉s〈j,ℓ〉×{
r(k−m)〈ℓ,i〉s(m−k)〈i,ℓ〉Eℓ ∂
m−k
i + δℓ,i (m− k)r−1
i
si
∂m−k−1i
}
∂j ∂
k
i
+ δℓ,j r
−k〈ℓ,i〉sk〈i,ℓ〉 ∂i
m−k ∂ki + δi,ℓ (k)r−1
i
si
∂i
m−k ∂j ∂
k−1
i
= r−m〈ℓ,i〉sm〈i,ℓ〉 r−〈ℓ,j〉s〈j,ℓ〉Eℓ ∂
m−k
i ∂j ∂
k
i
+ δℓ,i r
−k〈ℓ,i〉sk〈i,ℓ〉r−〈ℓ,j〉s〈j,ℓ〉 (m− k)r−1
i
si
∂m−k−1i ∂j ∂
k
i
+ δi,ℓ (k)r−1
i
si
∂i
m−k ∂j ∂
k−1
i + δℓ,j r
−k〈ℓ,i〉sk〈i,ℓ〉 ∂i
m.
Consequently, we obtain
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij ∂
k
i ∂j ∂
m−k
i Eℓ
= r−m〈ℓ,i〉sm〈i,ℓ〉r−〈ℓ,j〉s〈j,ℓ〉Eℓ
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij ∂
m−k
i ∂j ∂
k
i
+ δℓ,i r
−〈i,j〉s〈j,i〉
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(m− k)r−1
i
si
c
(k)
ij r
−k〈i,i〉sk〈i,i〉∂m−k−1i ∂j ∂
k
i
+ δi,ℓ
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(k)r−1
i
si
c
(k)
ij ∂i
m−k ∂j ∂
k−1
i
+ δℓ,j ∂i
m
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij r
−k〈j,i〉sk〈i,j〉
= S1 + S2 + S3 + S4 = S1,
where S2 = −S3, S4 = 0 (by Lemma 4.4 below), and
S1 = r
−m〈ℓ,i〉sm〈i,ℓ〉r−〈ℓ,j〉s〈j,ℓ〉Eℓ
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij ∂
m−k
i ∂j ∂
k
i ,
S2 = δℓ,i
m−1∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(m− k)r−1
i
si
c
(k)
ij r
−〈i,j〉s〈j,i〉r−k〈i,i〉sk〈i,i〉∂m−k−1i ∂j∂
k
i ,
S3 = δi,ℓ
m∑
k=1
(−1)k
(
m
k
)
ris
−1
i
(k)r−1
i
si
c
(k)
ij ∂i
m−k ∂j ∂
k−1
i ,
S4 = δℓ,j ∂i
m
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij r
−k〈j,i〉sk〈i,j〉.
Now according to the inductive hypothesis, we get S1 v = 0. So we proved the
equality (∗∗). This means that U+r,s can be realized by identifying the generators
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ei’s with the skew differential operators ∂i’s, that is, the algebra generated by the
∂i’s is a homomorphic image of U
+
r,s.
(ii) Similarly, we can prove another identity (ii), which shows that U+r,s can be
realized by the skew differential operators ∂′i’s. 
Lemma 4.4. (i) S2 = −S3.
(ii) S4 = 0.
Proof. (ii) follows from the identity below:
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
c
(k)
ij r
−k〈j,i〉sk〈i,j〉 =
m∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 = 0.
As for (i), we notice that (n)q−1 = q
1−n(n)q, 1−m = aij , and
c
(k−1)
ij = c
(k)
ij r
−〈j,i〉s〈i,j〉(ris
−1
i )
1−k,
r−〈j,i〉−〈i,j〉s〈i,j〉+〈j,i〉 = (r−1i si)
aij = (ris
−1
i )
m−1,(
m
k−1
)
ris
−1
i
(m−k+1)r−1
i
si
=
(
m
k−1
)
ris
−1
i
(m−k+1)ris−1i
(ris
−1
i )
k−m
=
(
m
k
)
ris
−1
i
(k)ris−1i
(ris
−1
i )
k−m
=
(
m
k
)
ris
−1
i
(k)r−1
i
si
(ris
−1
i )
2k−m−1,
so that
c
(k−1)
ij r
−〈i,j〉s〈j,i〉(r−1i si)
k−1 = c
(k)
ij (ris
−1
i )
m−1+2(1−k).
Consequently, we obtain
S2 = δℓ,i
m−1∑
k=0
(−1)k
(
m
k
)
ris
−1
i
(m−k)r−1
i
si
c
(k)
ij r
−〈i,j〉s〈j,i〉(r−1i si)
k ∂m−k−1i ∂j ∂
k
i
= δℓ,i
m∑
k=1
(−1)k+1
(
m
k−1
)
ris
−1
i
(m−k+1)r−1
i
si
c
(k−1)
ij r
−〈i,j〉s〈j,i〉(r−1i si)
k−1×
× ∂m−ki ∂j ∂
k−1
i
= −δℓ,i
m∑
k=1
(−1)k
(
m
k
)
ris
−1
i
(k)r−1
i
si
c
(k)
ij ∂i
m−k ∂j ∂
k−1
i
= −S3.
This completes the proof. 
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